Abstract. We study retarded parabolic non{autonomous evolution equations whose coe cients converge as t ! 1 such that the autonomous problem in the limit has an exponential dichotomy. Then the non{autonomous problem inherits the exponential dichotomy and the solution of the inhomogeneous equation tends to the stationary solution at in nity. We use a generalized characteristic equation to deduce the exponential dichotomy and new representation formulas for the solution of the inhomogeneous equation.
Introduction
In the present paper we continue the investigation of the long{term behaviour of asymptotically autonomous evolution equations begun in 30]. There we studied the Cauchy problem _ u(t) = A(t)u(t) + f(t); t > s 0; u(s) = x; for some 2 (0; 1] . Here X B is the real interpolation space (X; D(B)) ;1 for a sectorial operator B. Then Theorem 3.3 of 30] shows that the spectral condition (A) \ iR = ; (1.3) implies the exponential dichotomy of the evolution family U( ; ) solving (1.1) with f = 0.
(Recall that (A(t)) \ iR = ; for t 2 R does not imply the exponential dichotomy of U( ; ).) Moreover, if f(t) ! f 1 , then the mild solution u of (1.1) converges to the stationary solution at in nity, i.e., lim 2) (i.e., convergence in L(X)). This paper extends 30] in several directions, e.g., the almost periodicity of U( ; ) is studied. We now complement (1.1) by a delay term and treat the retarded problem _ u(t) = A(t)u(t) + L(t)u t + f(t); t s; u s = 2 E:
(1.5)
Here we keep the assumptions on A( ) and f (taking = 0 in (1.2)), let r 0, E := C( ?r; 0]; X), L( ) 2 C b (R + ; L s (E; X)), the space of uniformly bounded, strongly continuous operator functions, and set u t ( ) := u(t + ) for 2 ?r; 0], t s, and a function u : s ? r; 1) ! X. We further assume that lim t!1 L(t) = L in L(C ( ?r; 0]; X); X) (1.6) for some 2 0; 1). This covers in particular the case
L(t) = B(t) (? (t));
where 2 C(R + ; ?r; 0]) and B( ) 2 C b (R + ; L s (X)) converge (in R and L(X), respectively) as t ! 1. Again we consider the limit problem _ u(t) = Au(t) + Lu t ; t 0; u 0 = 2 E:
Recall that u(t) = S(t) ] (0) where L 2 L(X) is given by L x := Le x for 2 C and e ( ) := e , ?r 0. The right hand side of (1.9) replaces the spectral condition (1.3) and can be considered as à generalized characteristic equation' for (1.7). The proofs of these facts are contained in 10, xVI.6], see also 33, x3.1, 3.2] and the references therein.
In this paper we extend our previous results from the undelayed case to the setting introduced above, see 7], 17, x9.5], 20] , 22] for related investigations if X = C n . In Theorem 3.6 we establish that the homogeneous problem (1.5) with f = 0 has an exponential dichotomy if condition (1.9) holds. This theorem relies on Proposition 3.2 and 3.3 which show the robustness of exponential dichotomy of (parabolic) partial functional di erential equations. In di ering settings this subject is also treated in 4 (Here we do not assume the parabolicity of the problem.) Finally, if f and L( ) are, e.g., H older continuous in time, then the mild solution of (1.5) is a classical one and satis es again (1.4) as we show in Section 5. There we also discuss a retarded parabolic partial di erential equation.
To deduce the theorems sketched above, we will make extensive use of the regularity properties of the undelayed parabolic equation (1.1) Exponential dichotomy. An evolution family U( ; ) on X with J = a; 1) or R is said to have an exponential dichotomy (or to be hyperbolic) if there are projections P( ) 2 C b (J; L s (X)) and constants N; > 0 such that (a) U(t; s)P(s) = P(t)U(t; s), (b) the restriction U Q (t; s) : Q(s)X ! Q(t)X of U(t; s) is invertible (and we set U Q (s; t) := U Q (t; s) ?1 ), (c) kU(t; s)P(s)k Ne ? (t?s) and kU Q (s; t)Q(t)k Ne ? (t?s) , for t s and s 2 J. Here and below we let Q = I ? P for a projection P. In the case that P(t) = I for t 2 J we call U( ; ) exponentially stable. We also need Green's function ?(t; s) := U(t; s)P(s); t s; t; s 2 J;
?U Q (t; s)Q(s); t < s; t; s 2 J;
corresponding to a hyperbolic evolution family U( ; ) with projections P( ). Let U( ; ) be an exponentially bounded evolution family on X with J = R. As can be seen by simple ODE examples, see e.g. 10, Ex.VI.9.9], we cannot hope to characterize the exponential dichotomy of an evolution family by the spectra of the operators generating it. Instead we use the spectra of the associated evolution semigroup given by (T U (t)f) (s) := U(s; s ? t)f(s ? t); t 0; s 2 R; f 2 C 0 (R;X); and its generator G U , cf. 6] or 10, xVI.9]. It is not di cult to show that T U ( ) is in fact a C 0 {semigroup on C 0 (R; X) and that (R( ; G U )f) (t) = Z t ?1 U (t; s)f(s) ds (2.12) for t 2 R, f 2 C 0 (R; X), and Re > !, where ! is given as in (2.6) and U (t; s) := e ? (t?s) U(t; s): A result by R. Rau, Y. Latushkin, and S. Montgomery{Smith says that U( ; ) is hyperbolic () 1 2 (T U (t 0 )) for some t 0 > 0 () 0 2 (G U ) (2.13) and that then the dichotomy projections are given by
for the unit circle T, see 6, Thm. 
where
Finally we state a result needed in Section 4 and 5.
Proposition 2.1. Let U( ; ) be an exponentially bounded evolution family on a Banach space X with J = R and let A generate the C 0 {semigroup S( ). Assume that U( ; ) and S( ) have exponential dichotomy with projections P(t) and P, respectively, and that U(s + t; s) ! S(t) strongly for t 0 as s ! 1. Then P(s) ! P strongly as s ! 1. (1))f for f 2F, we obtainP = P b = P( ). Therefore P(t) converges strongly to a projection P 0 as t ! 1. Finally, P = 1
Exponential dichotomy of retarded evolution equations
We start with two robustness results for exponential dichotomy, where rst L( ) and then U( ; ) is varied employing di erent techniques. Proposition 3.2 shows in particular that dichotomy is not sensitive to small delays in the parabolic case, see 4, Thm. 
Proof. Due to 29, Lemma 3.1], N and only depend on the exponential estimate of V ( ; ) and the norm of G ?1 V . The rst assertion thus follows from (2.10) and the formula 
for ' 2 C 0 (R; X) and a map L : C 0 (R;X) ! C 0 (R; E) with norm less than 2, cf. 14, (3 
We deduce from (3. Proposition 3.3. Let U( ; ) and U n ( ; ), n 2 N, be evolution families on X with J = R satisfying (2.6) uniformly in n and let L n ( ) 2 C b (R; L s (E; X)) be uniformly bounded in n. Let V n ( ; ), respectivelyṼ n ( ; ), solve (2.9) on E with J = R for L n ( ) and U n ( ; ), respectively U( ; ). Assume that for all t 0 and thatṼ n ( ; ) is hyperbolic with uniform constants. Then V n ( ; ) is hyperbolic for large n and the dichotomy constants can be chosen independent of n. Proof. Let G Un = G n be the generator of the evolution semigroup T n ( ) on C 0 (R;X) corresponding to U n ( ; ). Due to (2.15) we know thatH n := G U + L n ( ) with domain D(G U ) is invertible and we have to show the invertibility of H n := G n + L n ( ) with domain D(G n ) for large n. Let R n ( ) andR n ( ) be the semigroups on C 0 (R;X) generated by H n andH n , respectively. By standard perturbation theory, both semigroups are exponentially bounded uniformly in n (with a common exponential bound!) and we have R n (t) ?R n (t) = T n (t) ? T U (t) + 
Therefore the function ' : R + ! R + ; '(t) = lim n!1 kR n (t) ?R n (t)k is measurable and also locally bounded. Assumption (3.3) implies that T n (t) ! T U (t) in operator norm for t 0 as n ! 1. We thus deduce from (3.4) '(t) c Z t 0 '(s) ds for t 0 using Fatou's lemma. Therefore R n (t) ?R n (t) tends to 0 in operator norm for t 0 due to Gronwall's inequality. This yields R( ; H n ) ? R( ;H n ) ! 0 in L(C 0 (R;X)) as n ! 1 for a xed >!. Observe We return to the asymptotically autonomous case making the following assumptions. In the remainder of this section U( ; ) is the evolution family on X generated by A( ), T( ) is the semigroup on X generated by A, V ( ; ) is the evolution family on E solving (2.9), and S( ) is the semigroup on E generated by B (see (1.8) In the same way we see that Q S 2 L(E; (2) Recall that a projection P has the resolvent R( ; P) = ?1 (1 + ( ? 1) ?1 P) for 6 = 0; 1. Therefore R( ; Q a (t)) is uniformly bounded for a a 1 and j ? 1j = 1=2 since kQ a (t)k N. Due to (3.13) and the (proof of) 19, Thm.IV. 3.16] , there is a number a 2 a 1 such that (Q S Q a (t)), a a 2 , has an open and closed subset in the disc j ? 1j < 1=2 and the corresponding spectral subspace E 1 has the dimension dimQ a (t)E.
Since (Q S Q a (t))jE 1 is invertible, this identity leads to dimQ a (t)E = dimQ S Q a (t)E 1 dimQ S Q a (t)E dimQ S E:
Analogously one shows the converse inequality so that dimQ a (t)E = dimQ S E for a a 3 a 2 and t 2 R. Because of property (b) in the de nition of exponential dichotomy it remains to verify that dimQ a (t)E = dimQ a 1 (t)E (3.14)
for some t 2 R where we have xed a a 3 a 1 . Observe that the stable subspaces are given by P a (s)E = f 2 E : lim t!1 V (t; s) = 0g; s a; see e.g. 27, p.551], and thus coincide with P a 1 (s)E. As a consequence, P a (t) = P a (t) (P a 1 (t) + Q a 1 (t)) = P a 1 (t) + P a (t)V (t; a)V a 1 Q (a; t)Q a 1 (t); kQ a (t) ? Q a 1 (t)k N 2 e ?2 (t?a) < 1 for large t a. The assertion (3.14) now follows from (the arguments in) 19, xI.4.6]. 13 
Convergence of mild solutions to the inhomogenous problem
We now turn our attention to the inhomogeneous problem (2.11) assuming that f(t) ! f 1 as t ! 1. We want to show that for the mild solution u of (2.11). To that purpose we do not need to restrict ourselves to the parabolic case (H1). So we only assume that L( ) 2 C b (R; L s (X; E)) and U( ; ) is an evolution family on X with J = R satisfying (2.6) with ! 0 (in order to simplify several estimates). Let V ( ; ) be the evolution family on E solving (2.9).
We derive in Corollary 4.2 and Proposition 4.3 new`variation of parameters formulas' expressing the mild solution in terms of V ( ; ) and f. Here the main di culty comes from the fact that f maps into X whereas V (t; s) acts on E. To deal with this problem, we set This identity shows that v(t) = u t and, hence, that u solves (2.11).
Corollary 4.2. Under the above assumptions, (4.8) and (4.9) yield the unique mild solution u of (2.11), and u t = v(t).
We note that there are other formulas for mild solutions using`fundamental solutions' or`resolvent operators', see 9], 23], 31], 33, Chap.4], and the references therein. These authors consider di erent situations partially obtaining stronger results. We have chosen our approach in view of the techniques employed in the proof of Theorem 4.4.
In a second step we want to replace in the above formulas the integrals over s; t] by integrals over R. To that purpose we assume that V ( ; ) has an exponential dichotomy with constants N; > 0, projections P V (t), and Green's function ? V ( ; Proposition 4.3. Let U( ; ) be an exponentially bounded evolution family on X with J = R and L( ) 2 C b (R;L s (E; X)). Assume that the evolution family V ( ; ) solving (2.9) on E has an exponential dichotomy. De new as in (4.11) for f 2 L 1 (R; X) and > !. Thenw converges in C b (R;E) to a functionw =w( ; f) as ! 1 uniformly for kfk 1 c. Moreover, w(t; f) = V (t; s)w(s; f) + w(t; s; f); t s; (4.14) and the mild solution of (2.11) is given by u(t) = v(t)](0) and v(t) = V (t; s)( ?w(s; f)) +w(t; f) (4.15) for t s, 2 E, and f 2 L 1 (R;X). Proof. Formula (4.13) with s replaced by t ? s, (4.12) , and the exponential dichotomy of V ( ; ) imply kP V (t)(w (t) ?w (t))k E c e ? s kfk 1 kP V (t)(w (t) ?w (t))k E ": 16 As a result, P V ( )w converges in C b (R; E) as ! 1. In a similar way we deduce from As above we see that Q V ( )w converges in C b (R; E) as ! 1. The identity (4.14)
then follows from (4.13) and Proposition 4.1. The last assertion is a consequence of Corollary 4.2, (4.8), and (4.14).
We are now in a position to establish the convergence of v(t) as t ! 1. Let s 2 R and f 2 L 1 (R;X) with support in s; 1). Because of (4.15) 17 We may assume that T( ) also satis es (2.6). Fix " 2 (0; 1) 19) . 18 
The inhomogeneous problem in the parabolic case
We assume again that (H1), (H2), and (B) \ iR = ; hold. Fix a as obtained in Theorem 3.6. We study the problem u(t) = U(t; a) ( r and s a by (4.9), (4.17), (4.14), and (4.3) . We rst assume that (H3)
Observe that (H2) is satis ed for each 2 (0; 1) and that (H3a) holds with h = = if f 2 C b (R + ; X). (One could also work with space regularity of l and f using (H3').)
De ne B as in (1.8 
